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Abstract 

Any line bundle £ on a smooth curve C of genus g with deg£ >2g + l 
is normally generated, i.e., (pc{C) C PiJ"(C, C) is projectively normal. 
However, it has known that more various line bundles of degree d failing 
to be normally generated appear on multiple coverings of genus g as d 
becomes smaller than 2g+l. Thus, investigating the normal generation 
of line bundles on multiple coverings can be an effective approach to the 
normal generation. In this paper, we obtain conditions for line bundles 
on multiple coverings being normally generated or not, respectively. 

Mathematics Subject Classifications (2001): 14H45, 14H10, 14C20. 
Key words: algebraic curve, multiple covering, line bundle, linear series, projec- 
tively normal, normal generation. 



1 Introduction 

Throughout this paper, C is a smooth irreducible algebraic curve of genus g 
over an algebraically closed field of characteristic 0. A line bundle £ on C is 
said to be normally generated if C is very ample and ^pc{C) is projectively 
normal for its associated morphism : C — > FH^{C,C). 

Any line bundle of degree at least 2^/ -|- 1 is normally generated and a 
general line bundle of degree 2g on a non-hyperelliptic curve is normally 
generated([T], [7], [S]). And hyperelliptic curves have no normally generated 
line bundles of degree less than than 2(7-|- 1([6]). Thus a natural interest is to 
characterize line bundles of degree near 2g failing to be normally generated 
and curves carrying such line bundles. In [2], [1], [5] and [8], they determined 
conditions for a nonspecial very ample line bundle C with degC > 2g — 5 
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and a special very ample line bundle C with deg£ > 2g — 7 failing to be 
normally generated, respectively. Through those results, it is notable that 
line bundles failing to be normally generated appear on multiple covering 
curves and are closely connected with line bundles on the base curves of the 
coverings. Moreover, both the degrees of those coverings and the genera of 
base curves become larger as proceeding with those works. Thus, investigat- 
ing the normal generation of line bundles on multiple coverings is a natural 
approach to the normal generation. 

The purpose of this work is to detect conditions for line bundles on mul- 
tiple coverings being normally generated or failing to be normally generated, 
respectively. For a nonspecial line bundle C on a multiple covering C of C, 
we introduce, in section 4, a kind of concrete description such as 

£ ~ /Cc - <^*5? -B + E (*) 

for some i? > 0, > on C and 5^ on C satisfying h^{C, (ffg^ + B) = 1, 
supp(0*5'° + B) n supp(£^) = and B ^ 4)*Q for any Q € C. Here, 4> is 
its covering morphism. Our results on nonspecial line bundles are described 
in terms of B and E. Using this description, we also construct nonspecial 
line bundles possessing an intended normal generation property on multiple 
coverings. 

The results of this work are as follows. Here, we assume that C admits an 
n-fold covering morphism (p : C ^ C for a smooth curve C of genus p. For 
the following (1) and (2), we additionally assume that (p is simple with g > np 
and define numbers n := [^^^r^] and 6 := min{|, - 2, j^^^^j^zT^g }■ 

(1) Let £ be a nonspecial line bundle on C with h^{C,C) > 3. We may 
set £ ~ fCc — (f>*gt —B + E as (*). Then, C is normally generated if 
B = 'ELi^*iQi)-Pi with cl){Pi) = Qi, degE > 6 + 2 and dcg£ >2g + l-S. 
Specifically, any nonspecial line bundle C ~ JCc — 4'*9t — B + E as {*) 
on a double covering C with 3^ > 8(p + 1) is normally generated in case 
deg^ > degB + 2 and deg£ >2g+l- ^. 

(2) Let £ be a special very ample line bundle on C with deg£ > ^^j^- 

Assume )Cc ® £"^ = </'*AA(- YlLi Pi) for 

some line bundle M on C' and 
Pi on C such that Y.]^-^ cb{Pi) < Af and Pi + Pj ^ <j)*{^{Pi)). Then £ 
is normally generated if 6 < 3 and deg£ > 2g-\-l — 2h} (C, £) — 5. (Note that 
the condition Pi + Pj ^ (j)* {(j){Pi)) is satisfied if the points of Y^i^i 4>{Pi) are 
distinct.) In particular, any line bundle £ on a double covering with 3p > 
8(p+l) such that /Cc0£"^ (t)*M®Oc{B), B ^ (/>*Q for any Q G C, then 
£ is normally generated in case degi? < 3 and deg£ > 2^'+ 1 — | — 2h^{C, £). 

For each of these results, we also obtain examples of line bundles failing 
to be normally generated on multiple coverings in case the number b is 
lying on the outside boundary of the condition, i.e., dcgE = 6 + 2, 6 = 4, 
respectively. Hence those conditions are sharp in some sense. 
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Using the result (1), for any d > max{2g — 2p, 2(7 + 1 — |} we construct 
nonspecial normally generated line bundles of degree d on double coverings 
with g > 4p(: See Corollary l3.31 whose result also contains the cases n > 3.). 
On the one hand, a double covering of genus g admits no nonspecial normally 
generated line bundles C with g + 5 < degC < 2g — 3p{[6\). 

(3) Let C he a nonspecial line bundle on C with h^{C,C) > 3. We may set 
C^JCc- -B + E as (*). Assume B = J^Li ^*iQ^) " -^(^0 = Qi 
and h^{C,C'^{— X]i=i Pi ~ E)) = 0- Then C is very ample and fails to be 
normally generated if a > 3 and a + b > (°+^~'')(^+^~''~^) ^ where a = degS, 

r = /iO(C',5? + EtiQ.)-l- 

(4) Let £ be a special very ample line bundle on C. Assume Kc C ^ = 
(f)*M{— Y^i=i Pi) fo'^ some line bundle M on C" and X]i=i ^i ™ ^ ■ Set 
c := h^{C,4)*M) - /i°(C,rA/'(-Ei=i^O)- Then C fails to be normally 
generated if h > and h^iCC^i- ^^i ^0) = 0. 

In this paper, g^ means a linear series of dimension r and degree d. 
In particular, g^ also denotes the corresponding effective divisor of degree 
d. The notation C — g^ means C{—D) for D £ g^ and a line bundle C 
For a divisor D and a line bundle £ on a smooth curve C, we also denote 
h'(C,Oc{D)) by h'{C,D) and Oc{D) C £ by L» < £. And /Cc means 
the canonical line bundle on C. The Clifford index of a smooth curve C is 
defined by Cliff(C) := min{Cliff(/:) : h'^{C,C) > 2, h^C,C) > 2}, where 
Cliff (£) = degC - 2/1° (C, C) + 2. 

2 Preliminaries 

Before going into main theorems, we consider some lemmas which will be 
used in our study. 

Lemma 2.1. Let C be a very ample line bundle on a smooth curve C. 
Consider the embedding C C FH^{C,C) = P** defined by C. Then C fails 
to be normally generated if there exists an effective divisor D on C such 
that degD > ("+^K"+2) ^nd {C , C'^ {- D)) = 0, where n := dimD, D := 
n{H G H^{F\Opr{l)) I H.C > D}. 

Proof. Set 

^ :={S e H^ir', Opr(2)) I S : quadric cone with vertex D}. 
Then, ^' C /70(P'^,J^/p,.(2)) and 

dim* = dim Grass(r-n-l,r)+/i°(P'^-"-\0p.-n-i(2)) = ^ — 

This yields 

/^°(P^0P.■(2)) - /i°(P%Xb/p.(2)) < /iO(P^0p.(2)) - dim* < degD, 
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for degD > llLhlHZLtH). From this, we get /^l(P^2:£,/pr(2)) / by the exact 
sequence 2'£,/pr(2) 0pr(2) Od{'^) 0. Considering the exact 
sequence 2'c/P'-(2) ^ 2:£,/pr(2) ^ Id/cC^) ^ and /^l(P^2'B/c(2)) = 
h\C,£'^{-D)) = 0, we have /ll(P^ Jc/pr(2)) 7^ 0, which proves the result. 

□ 

This is practical for verifying the non-normal generation of line bundles 
on smooth curves, since its conditions are purely numerical and hence can 
be computed by theories about linear series. On the one hand, we have 
the following lemma from the proof of Theorem 3 in [2], which is useful to 
determine the normal generation of a line bundle, since it provides another 
line bundle with higher speciality in case the line bundle fails to be normally 
generated. 

Lemma 2.2. Let C be a very ample line bundle on C with degC > + e, 
where e = if C is special, e = 2 if C is nonspecial. If C fails to be 
normally generated, then there exists a line bundle A ~ C{—R), R > 
such that (i) Cliff(^) < Cliff(£), (ii) degA > (iii) h°{C,A) > 2 and 
h^{C,A) > h\C,C) + 2. 

Since the lemma plays an important role in this work, we frequently 
have to compute the Clifford indices of line bundles. Thus, preparing the 
following is effective to prove the main results. 

Lemma 2.3. Let A4 be a base point free line bundle on C with degM < 
2g — 2 such that its associated morphism ip/^ is birational. 

(i) // degM >g-l, then Cliff(A^) > l^c (S) M ^ 

3 

(a) If degM < g — 1, then 

CM{M) > - - 1 for 1 = 2, 

3 

Cliff(A^) > for />3, 



where I 



2.9 



degM-i 



Proof. Set a := h^{C,M) — 1 and d := degM. First, assume d > g — 1. 
Then a < '^'^~9+'^ )-,y Castelnuovo's genus bound, and hence 

3 3 

Then^ + I>d>^ + 1. 
If Z = 2, then Castelnuovo's genus bound yields a < Lemma 8 in 



Next, suppose d < g — 1. Set / 



2g 
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[3]), which imphes ChfF(A^) = d — 2a > If Z > 3, then by Lemma 9 in 

d+l 
l+l- 



[3] we have a < f^, and so 



^/..x , 2d + 21 il-l)d-2l 2(1-1) 
for d > + 1. Thus the result follows. □ 



To prove our main results, we will use a figure which draws the corre- 
spondence between points of C and C for a multiple covering morphism 
4> : C ^ C. By such a figure, some computations about line bundles will 
be simplified if those line bundles are composed with (p. To do such a work, 
we need the following. 

Lemma 2.4. Assume that C admits a simple n-fold covering morphism 
(j) : C ^ C for a smooth curve C of genus p. And let A4 be a line bundle 
on C with h^{C,M) > 3 and Cm{M) < - 3. Then M{-B) is either 
simple or composed with (p, where B is the base locus of A4. 

Proof The condition Chff(7W) < - 3 also implies Cliff(7W(-fi)) < 

— 3. Thus we may assume A4 is generated by its global sections. 
Suppose A4 is neither simple nor composed with cj). Set d := degAI, a := 
h^{C,M) — 1 and m := degipM- 

Consider a birational projection vr : ipj^(C) — > from general (a — 2)- 
points ^2?=! Qi °f fM{C)- Then the morphism n o : C — > is asso- 
ciated to the line bundle ^A{— Yl'i=i vXiiQi))- Thus we have the following 
commutative diagram. 




If V'^(-EriVX,(Q,)) composed with cj), then ^m{-J:-'^%,{Q.)) = ^ ° 
for a morphism fi of degree > 2. Then there is a rational morphism v : C ^ 
Vm{C) such that the following diagram commutes as rational morphisms, 
since vr is birational. 
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The smoothness of C imphes that the rational map v is regular, which 
contradicts that ipM is not composed with cf). Accordingly, the morphism 
<^X(_^«-2^* (Q.)) is not composed with cf), whence for a general subseries 

9d-ma+2m W{-Y.t=i 'P*M^Qi))\ t^c product morphism x Vgl_^^^^^ is 
birational since <j) is simple. Applying the Castelnuovo-Severi inequality, we 
obtain g < {n — l){d — ma + 2m — 1) +np and hence 

Cliff(A^) =d-2a> - 2m + 1 + (m - 2)a > - 3 

n — 1 n — 1 

since a > 2, m > 2. It contradicts to Cliff(£) < - 3, since Cliff(yl) < 
Cliff(>C). Thus the result follows. □ 

3 Normal generation of nonspecial line bundles on 
multiple coverings 

In this section, wc investigate the normal generation of nonspecial line bun- 
dles on multiple coverings. To do this, we consider a concrete descrip- 
tion for nonspecial line bundles on a smooth curve. Let £ be a nonspe- 
cial line bundle on a smooth curve C. There exists a divisor E > such 
that h^{C,ICc C-\E)) = 1 and h^{C,JCc ^ C'^iE')) = for E' < E. 
Then £ K-c — + for a g^^ on C satisfying supp((7^) H supp(£') = 0, 
where g^ means a degree d divisor with h^{C,g'^) = 1. Note that we have 
deg/Cc <^jC-\E)<g since h^\C,]Cc ®C-\E)) = l. 

Suppose C admits a multiple covering morphism ^ : C ^ C for some 
smooth curve C' . Then g^ = (j)*gi + B for i? > on C and g^ on C", where 
there is no Q G C such that B > (f)*Q. Thus a nonspecial line bundle C on 
the multiple covering C can be written by 

£ - /Cc - (p*gt -B + E 
for some 5>0,£'>0onC and g^ on C' such that 

(1) h^{C, rg? + B) = i, (2) suppi^g^ + B)n supp(E) = 0, 

(3) B ^ 0*g for any Q G C. 
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Note that the nonspecial hne bundle C with hP{C, £) > 3 is very ample if 
and only if degE > 3. Using this description, we obtain a sufficient condition 
for the normal generation of C in terms of B and E. 

Theorem 3.1. Assume that C admits a simple n-fold covering morphism 
(j) : C ^ C for a smooth curve C of genus p with g > np. Let C he a 
nonspecial line bundle with h^{C, C) > 3. We may set C ~ ICc — (p*gt—B+E 
for some B > 0, E > on C and g^ on C satisfying the conditions (1), (2) 
and (3) in the above. Assume B = Y^i=i 4'*{Qi) ~ Pi with (t){Pi) = Qi ^ C . 
Then, C is normally generated if degE > 6 + 2 and degC > 2g + l — 6, which 
is equivalent to Cliff(£) < 6 — 1, where 6 := min{|, — 2, (2n+"^-i^^ 3 J" 

Proof. The line bundle £ is very ample for deg£' > 3. Suppose £ fails to 
be normally generated. Then, C has a line bundle A ~ C{—R) with i? > 0, 
satisfying the conditions in Lemma [2.21 Let A4. := K,c®A~'^{—B), where B 
is the base locus of /Cc® -4," Set d := degA^ and a := /i'^(C, 7W) — 1. Then 
o > 1 by Lemma 12.21 (iii). Assume a = 1 and M is not composed with (j). 
Then by the Castelnuovo-Severi inequality we obtain g < {n — l)(d—l)+np, 
since (p is simple. Then 

iZJ^ _l<d-2 = CM{M) < CM{C) < - 3, 

n — 1 n — 1 

which cannot occur. Hence (pM must be composed with the covering mor- 
phism (j). Consider the other cases a > 2. Assume (pM is birational. If 
degA4 > g — 1, then Lemma 12.31 and Lemma 12.21 (ii) yield 

cum > CmM) > ^-^^c®^-' > deg^ > 

3 3 6 

which cannot occur. Accordingly, degA^ < 5 — 1- 

By the birationality of (pM and the Castelnuovo-Severi inequality, we 
have g < {n — l){d — 1) + np and so < 2(n — 1). Since g > np, 

' 1 < [2(n-l)(l + ^^)] <2(n-l)+/x. 



d — 1 g — np 

where ^^ := [^^^^^]. Lemma implies either Cliff(7W) > j0j^9 - 1 
or Cliff(£) > I — 1, which is a contradiction to Cliff(£) < S — I. Thus we 
have m > 2, and hence M = K-c ® A~^{—B) is composed with the covering 
morphism by Lemma 12.41 and the condition Cliff (£) < — 3. 

Note that R contains E, since /i°(C, /Cc®^"^) > 2, Oc{4>*gt +B - E) = 
)Cc C'^ = JCc® A-^{-R), h^{C, (l)*g^ + B) = 1 and supp{^*g^ + B) n 
supp(^) = 0. Set R{-E) = (j)*{Fi) + Rq for a divisor i?o > on C and a 
degree / divisor Fi on C such that Rq ^ (j)*Q for any Q G C Assume only 
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the points Pi,...,Pk of Ya=i contained in R. Set G := Fi + Y^^=i 4'{Pi)- 

Then (ff^g^+G) corresponds to the pullback part oiK.(^A~^ via the covering 
morphism 0. 

For a better understanding, consider the fohowing Figure [T] which figures 
the correspondence of points on curves G and C". 



G 



n : 1 



G' 



• ' ' ' • 



B 



•k 



▲ 



-k O- 

•k O-i 

* A- 

▲ A 



A ' " A A 
A ■ ■ ■ A 



♦ 
♦ 



G 



L A "A 

Figure 1: £ is nonspecial 

Here, 

i) E : the sum of the points being arranged as triangles on the left upper 
side, 

ii) ICc C~^{E) : the sum of the points being arranged as black dots and 
stars on the left side, 

iii) B : the sum of the points being arranged as the assigned stars on the 
left side, 

iv) R : the sum of the points being arranged as triangles on the left side, 

v) Yli=i '■ the sum of the points being arranged as the assigned triangles 
on the left side, 

'^i)Si=fc+i • °^ points being arranged as blank circles on the 

left side, 

vii) JCc <8) A^^ : the sum of the points being arranged as black dots and 
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stars on the left side and triangles on the left lower side, 

viii) : the sum of the points being arranged as black dots on the right 
side, 

ix) G : the sum of the points being arranged as (/ + A;)-black diamonds on 
the right side, 

x) Fi : the sum of the points being arranged as the assigned /-black dia- 
monds on the right side. 

From Figure dl we easily see that h^{C, ICc (8) A~^) < A; + / + 1, since ipM 
is composed with (f). Thus 

degi? < 2(/i°(C, ICc A'^) - h^{C, ICc ® C'^)) <2{k + l + 1), 

since Cliff(/Cc®^"^) < Cliff(/Cc0/:"^) and A = C{-R). Note that degR > 
degE + nl + k, since R{-E) > (j)*Fi + XlLi ^i- Accordingly, deg^; <k + 2, 
which cannot occur for degE > 6 + 2. Thus the theorem is proved. □ 

Specifically, the theorem is more simplified for double coverings. 

Corollary 3.2. Let C admit a double covering niorphism (p : C ^ C 
for a smooth curve C of genus p with 3g > 8{p + 1). And let C be a 
nonspecial line bundle with h^{C,C) > 3 and degC > 2g + 1 — |. We may 
set C ~ ICc — 4'*9t — B + E as before. Then C is normally generated if 
degE > degB + 2. 

Proof. Since n = 2 and 3^ > 8(p +1), we obtain — 2 > | and // := 
[ ^"q ^TO-p^^ ] ^ 6, whence ^2n+^-i^^^ ^ \- Thus the result follows from Theorem 



It has known that if C is a double covering of a smooth curve C of 
genus p then C admits no nonspecial normally generated line bundles C 
with g + h < degC <2g — 3p([6j). On the one hand, we obtain the following 
result by Theorem 13.11 



Corollary 3.3. Assume that C admits a simple n-fold covering morphism 
(f> : C ^ C for a smooth curve C of genus p with g > max{n'^p, (^"+^) ^ 
Then C has a nonspecial normally generated line bundle of degree d for any 



d > 



max{2g — np, 2g + 1 — ^} , if n < 4 

2(2n-l) 



max{2g - np, 2g + 1 - ^llul d}, if n > 5 



Proof. Choose a general effective divisor Dt of degree t < p on C' , whence 
Dt is a g^. The Caselnuovo-Severi inequality implies h^{C,(p*Dt) = 1, since 
g > v?p and 4> is simple. Set 5 = 0. Choose a divisor E on C such that 
deg^ > 2 and supp(0* A)nsupp(£;) = 0. Then, C := ICc - (l)*Dt + E is a 
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nonspecial very ample line bundle with h^{C,C) > 4 since deg£ > 5 + 3. 
By varying the numbers degi? and t within degi? > 2 and < t < p, we see 
that deg>C = 2g — nt + degE — 2 can take any number d > 2g — np. 

From g > n^p, we get fi := [^^^^^] < 2 and so j0j^g < j^^g- 

And the condition g > tt?p yields ^^^f > f and so ^2n+"i)^^ 3 — ^n-i ^^'^ 9 — 
^^"'^'^^ . Hence, £ is normally generated if deg£ > max{2g+l— (2n+i)^^ ff' '^9'^ 
1 — |} by Theorem 13.11 As a consequence, C admits a nonspecial normally 
generated line bundle of degree d for any d > max{2g — np, 2g' + 1 — | , 2g + 

1 — (2^'^7p ff}- Accordingly, the result holds since | < (2n+i)^^ 9 for n < 4 
and < f forn > 5. □ 

The condition degi? > 6 + 2 in Theorem 13.11 is optimal, since there exists 
a nonspecial very ample line bundle failing to be normally generated with 
degii^ = 6 + 2 as follows. 

Example 3.4. Assume that C admits a simple n-fold covering morphism 
(j) : C ^ C for a smooth non-rational curve C . Take a base point free 
complete g\ onC. Set g^_^ := g^—Q for a point Q G C and B := (f)*{Q)—P 
for P € (j)*Q. Choose a divisor E > on C satisfying degE = 3 and 
supp(5 + (/>*5°_i) n supp(£;) = 0. Then C := Kc - </'*5°_i - B + E is very 
ample and fails to he normally generated if g > (n — l){nd — 2) + ng{C'). 

Proof. The condition g > {n — \){nd — 2) + ng{C') with g{C') > yields 
deg£ = 2^' + 2 — nd > g + 2, whence h^{C,C) > 3. According to the 
Caselnuovo-Severi inequality, we have h^{C,(j)*g'^_^ + B) = 1, since cj) is 
simple with g > (n — l){nd — 2) + ng{C') . Thus jC is very ample for deg£' = 3 
as mentioned before. 

For a better understanding, we figure the correspondence of points on 
curves C and C in Figure [5J Here, 

i) E : the sum of the points being arranged as triangles on the left upper 
side, 

ii) ICc ® C~^{E) : the sum of the points being arranged as black dots and 
stars on the left side, 

iii) B : the sum of the points being arranged as stars on the left bottom 
line, 

iv) g\ : the sum of the points being arranged as black dots and black dia- 
monds on the right side, 

v) g^_i '. the sum of the points being arranged as black dots on the right side. 

Set D4 ■■ = E + P. We see that h°{C,K:c £'^{04)) > 2, which yields 
dim(/>£(L>4) < 1. Thus C fails to be normally generated by Lemma [2. H since 
h^{C,£'^{-D4)) = for degC> g + 2. □ 
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Figure 2: Example of nonspecial line bundle 

Using Lemma 12. H we obtain a sufficient condition for nonspecial line 
bundles failing to be normally generated. 

Theorem 3.5. Assume that C admits a multiple covering morphism (p : 
C ^ C for a smooth curve C . And let C he a nonspecial line bundle 
with h^{C,C) > 3. We may set C Kc - 4>*gt - B + E as in Theorem 
|g. i[ Assume B = Y^i=i'i^* iQi) ~ 4'{Bi) = Qi- Then C is very ample 
and fails to be normally generated if a > 3, a + b > (°+^ r){a+b r i) 

h\C,CH-E-Ei=lP^)) = 0, where a := degE, r := /i°(C", gf+Eti ft)" 
1. 

Proof. C is very ample for degi? > 3. Let D := E + X]i=i^«- Since 
h^{C,Kc ® C-\D)) > h^{C',g^ + J^Li Qi)^ the Riemann-Roch Theorem 
gives h^{C,C)-h°{C,C{-D)) < a+b-r-1 and so dim (j)c{D) < a+b-r-2. 
Accordingly, £. fails to be normally generated by Lemma 12. H if degD = 

a + b> ia+b-r)ia+b^r^l) ^i^^^ ^2(_jg _ ^fe^^ p.)) ^ q_ q 

From Theorem 13.51 we explicitly obtain nonspecial line bundles failing 
to be noramlly generated on multiple coverings as the following. 

Remark 3.6. Let C admit a simple n-fold covering morphism cf) : C ^ C 
for a smooth non-rational curve C . Let g^ be a complete linear series on 
C with r > 1. Assume g > {n — l){nd — r — 1) + ng{C'). For a general 
Ei=i Qi on C, we have dimg'^i- Y,i=i Qi) = 0. Set g^^ := g''^{- X;[=i Qi) 
and B := Yl'i=i 4'*{Qi) ~ Pi with (l){Pi) = Qi. Choose a divisor E > on C 
such thatsupp{(l)*g^a_^ + B)nsupp{E) = 0, degE > 3 and r > degE(degE~3) _ 
Let C := JCc — 4'*9d-r — B + E. Note that the assumption g > {n — l){nd — 
r — 1) + ng{C') yields h^ {C , (p* g^_^, + B) = 1 by the Castelnuovo-Severi 
inequality. And the assumption also gives degC > g + 2 and so h^{C,C) > 3. 
According to Theorem \3. 5[ C is very ample and fails to be normally generated 

tfh\c,£'{-E-z:=im = o. 
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4 Normal generation of special line bundles on 
multiple coverings 

In this section, we investigate the normal generation of special line bundles 
on a multiple covering. Firstly, we give a sufficient condition for a special 
line bundle being normally generated. 

Theorem 4.1. Assume that C admits a simple n-fold covering morphism 
(j) : C ^ C for a smooth curve C of genus p with g > np. Let C be a 
special very ample line bundle on C with degC > Assume KLc® C^'^ = 

(j)*M{— Y^i=i ^i) f^''' ^ ^^^^ bundle J\f on C and Yl^=i ^ such that 

X]i=i (t^{Pi) ^ o-'^d Pi Pj ^ 4'*{4'{Pi))- Then, C is normally generated if 
b < 3 and degC > 2g + 1 — 2h^ (C, C) — 6, which is equivalent to Cliff (£) < 
5-1, where 5 := min{f , ^ - 2, j^j^g } and fi := [^^^^^]. 

Proof. Suppose C fails to be normally generated. Then, we have A — 
C{-R), R > 0, and M := Kc ® A~'^{-B) as in the proof of Theorem 
[Q Set d := degM, a := h^{C, A^) - 1 and m := degipM- Note that a>2 
by Lemma 12.21 (iii). Then, ipj^i is composed with (p by the same reason as 
in the proof of Theorem 13.11 

Accordingly, ICc C~^{—B) is also composed with (f) since KLc ® > 
Kc (S) C-^ and h^{CXc ® A^^) > h^{C,lCc C'^), where B is the base 
locus of )Cc C-K Thus B > J2Lii^*(HPi)) - Pi), since )Cc O ^"^ = 
^*N{- J2'l^^ Pi). Note that 

b b 
i=l i=l 

Then the pull-back part of lCc®A~'^ via (j) becomes (j)*{Af{- Yl'i=i HPi)+G)) 
for some divisor G > on C", since ICc ® A~^ > Kc ® C~^. Set R = 
(j)*{Fi) + Rq for a divisor Rq > on C and a degree / divisor Fi on C 
such that Rq ^ (j)*Q for any Q & C. Because of A ~ C{—R), we have 

G = Fi+Yli=i 4'{Pi), where only the points Pi,...,Pk of Yl'i=i Pi contained 
in R. 

For a better understanding, we figure the correspondence of points on 
curves C and C' in Figure El Here, 

i) ICc ® '■ the sum of the points being arranged as black dots and stars 
on the left side, 

ii) B : the sum of the points being arranged as stars on the left side, 

iii) R : the sum of the points being arranged as triangles on the left side, 

iv) JCc (E> A~^ : the sum of the points being arranged as black dots, stars 
and triangles on the left side, 
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v) G : the sum of the points being arranged as the assigned {I + fc)-black 
diamonds on the right side, 

vi) J\f{— Yl'i=i 't'{Pi)) '■ the sum of the points being arranged as black dots 

on the right side, 

vii) Fi : the sum of the points being arranged as the assigned Z-black dia- 
monds on the right side, 

viii) Yl'i=k+i -^i- points being arranged as blank circles on 
the left side, 

ix) Yli=i Pi '■ the sum of the points being arranged as the assigned triangles 
on the left side, 

x) the points of Y^i=i arranged in one column since Pj + Pj ^ 

4>*{m))- 



c 



R 



r * 

▲ 

▲ 
▲ 



n : 1 



★ o 

★ 0-1 

★ An 

★ 

A A 

A A 
A 



A- ■ ■ A 

Figure 3: C is special 



C 



o 
o 

♦ 

♦ 
♦ 



^{-Y.U<t>{Pi)) 



G 



Suppose k <1. The base point freeness of C implies h^{C, Kc A ^) — 
hP{C,lCc ® C~^) < I, since /Cc ® A~^{—B) is composed with (p. From the 
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condition ClifF(^) < Cliff(£) we obtain 

!^ < ^ < h\C, Kc -4-^) - h\C, JCc 0C-')< I, 

which yields n = 2 and k = 0. Then 

h^{C, Kc ® A-^) - h°{C, JCc ® C-^) <l-l, 

since C is very ample and JCc ® A^^{—B) is composed with cj). It cannot 
also occur as in the above. Thus we have Jt > 2. According to the very 
ampleness of C and h^{C,JCc ® C~^) = }i^{C\M{- ^ti 'A(^'i))), 

h 

h^{C,lCc®A-^) = h^{C',N{-^(t){Pi) + G)) < h^{C,JCc®C-^) + l + k-2, 

i=l 

since ICc ® A~^{—B) is composed with (f). Hence 

degi? < 2(/i°(C, ICc ® A-^) - h°{C, JCc JC~^)) < 2(/ + A; - 2), 

since Cliff(X:c A'^) < Cliff(/Cc «) C'^) and A ^ C{-R). Then the in- 
equality degi? > nl + k yields /c > 4, which is a contradiction to 6 < 3. Thus 
C is normally generated. □ 

Note that any n-fold covering morphism is simple in case n is prime. 
Specifically, if C is a double covering then we have the following. 

Corollary 4.2. Let C be a double covering of a smootJi curve C of genus p 
via a morphism (f) witfi 3g > 8{p+ 1). And let C be a special very ample line 
bundle on C witfi JCc'^C'^ = 4)* M®Oc{B) for a line bundle M. on C and 
a divisor B > on C such that B ^ (j)*Q for any Q ^ C' . If degB < 3 and 
degC > max{ ^^2^ , 2g + 1 — 2h^(C,C) — |}, then C is normally generated. 

This corollary can be shown similarly to Corollarv l3.2l On the one hand, 
the condition 6 < 3 in the theorem is sharp in some sense, since for 6 = 4 
there are special very ample line bundles failing to be normally generated 
on multiple coverings as follows. 

Example 4.3. Let C be a simple n-fold covering of a smooth plane curve C 
of degree d with g > 3ng{C') and d > n + 2. Denote the covering morphism 
by (j) : C ^ C . Let H be a general line section of C . Choose divisors 
F4 := Qi l£ H on C and D4 := 'Ylt=i ^ such that (j){Pi) = Qi- 

Let C be the line bundle with JCc (S) = (p* {Oc' {II)){— D4) . Then C is 
very ample and fails to be normally generated. 
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n : 1 
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★ ▲ 

★ ▲ 



♦ 
♦ 
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Figure 4: Example of special line bundle 



Proof. Suppose that we have h^{C,C) > 2 or £ is not very ample. Then 
hP{C,(t)*Oc'{H){-Di + P + Q)) > 2 for some P and Q of C. If the base 
point free part of (/)*C'c'(i/)(— D4 + P + Q) is not composed with 0, then 
the Castelnuovo-Severi inequality implies g < {n — l){nd — 3) + ng{C'), 
which derives {d — l){d — 2) < (n — l)d since g > 3ng{C') and g{C') = 
(d i){d 2) ^ cannot happen for d > n + 2. Thus the base point free part of 
(p*Oc'{H)i—D4 + P+Q) is composed with (j), which implies that the smooth 
plane curve C of degree d has a g\<i(i-2- cannot occur. As a consequence, 
£ is a very ample line bundle with /i^(C, £) = 1. 

For a better understanding, we figure the correspondence of points on 
curves C and C in Figure 2. Here, 

i) Kc ® '■ the sum of the points being arranged as stars on the left, 

ii) H : the sum of the points being arranged as black dots and black dia- 
monds on the right, 

iii) : the sum of the points being arranged as black diamonds on the 
right, 

iv) 1)4 : the sum of the points being arranged as triangles on the left. 

Since h^{C, C) = 1 and Kc ^ C-^jDj ) = ^*Oc'{H), we have h'^iC, C) - 
h^{C,C{—Di)) < 2, and so dim (^£(1)4) < 1. Thus C fails to be normally 
generated due to Lemma [27T| since h} {C , C"^ {— D)) = 0. □ 

We have more various special line bundles failing to be normally gener- 
ated on multiple coverings due to Lemma [2711 

Theorem 4.4. Assume that C admits a multiple covering morphism (p : 
C ^ C for a smooth curve C . And let C he a special very ample line 
bundle on C such that KLc ® = (f)*M{— Yl\=i ^i) f^''" ^ ^^'^^ bundle 
M on C and ^^^i Pi on C. Then C fails to be normally generated, if 
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hHC,CH-T.LlP^)) = andb> (^z£)(|z£±li^ yjhere c := hP{C,<t)*M) - 

Proof. Set Db := Ei=i ^i- Then h^{C,£) - /i°(C, £(-!);,)) = & - c by the 
Riemann-Roch theorem, which implies dim(p£(Di,) = b — c—1. Accordingly, 
the result follows from Lemma l2.1l □ 

Note that, in Theorem 14.41 we get 5 > 3 by the very ampleness of C and 
the condition b > (^~'^)(^~'^+^) ^ Thus the bound 6 < 3 in Theorem 14. II might 
be optimal. 

Consider the following as an application of Theorem 14.41 Let C be a 
linearly normal smooth curve of degree d > 7 in P^. And let C be a smooth 
curve of genus g admitting a simple covering morphism : C — s- C" of degree 
n > 3 with g > {n — \){nd — 6) + ng{C'). Let H he & general hyperplane 
section of C . Set N := Oc'{H). Assume YJi=i Qi < H and ^{Pi) = Qi for 
each i = 1, 7. Then C := JCc ^ 4'*-^^^{Yli=i ^i) ^ special very ample 
line bundle failing to be normally generated. This can be shown as follows. 

First, we claim C is very ample with h^{C,C) = 1. Suppose not. Then 
/i°(C,(/>*A/'(-X;J=i^i + ^1 + R2)) > 2 for some Ri + R2 on C, since 
h^{C,C) = h^{C,(l)*M{-j2LiPi)) ^ 1- According to the Castelnuovo- 
Severi inequality and the assumption g > (n — l)(nd — 6) + ng{C'), the 
base point free part of (f)*M{— Yli=i Pi + Ri + R2) is composed with Let 
{Qi, Qi] := {Qi, Q7} - 0(i?2)}. For n > 3, 

/ 7 
h\C', H{- J2 Q^)) > h\C, ct)*Af{- Y^Pi + R,+ R^)) > 2, 

i=l i=l 

which cannot happen since / > 5 and the points of Yli=i Qi hi a general 
position. Consequently, C is very ample with h^{C,C) = 1, whence c := 
(t)*N)-h^{C, (p*N{- Y.]=i Pi)) > 4. According to TheoremlHl C fails 
to be normally generated, since the assumption g > (n — l){nd — 6) + ng{C') 
implies degC = 2^ - nd + 5 > ^ - 1 and so h^{C, L^{- X^J^^ Pi)) = 0. 
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